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1. Introduction 


Let K be an infinite field. Let m, n G N. Let U he & m-dimensional ii'-vector 
space. The natural left action of the general linear group GL{U) on I/®" commutes 
with the right permutation action of the symmetric group ©„. Let (pjip be the 
natural representations 

ip : (X6„)°P ^ EndK(f7®"), -tp : KGL{U) EndK(C/®”), 

respectively. The well-known Schur-Weyl duality (see [Sc], [W], [CC], [CL]) says 
that 

(a) p(K&n) = h]ndKGL(u){U^^), and if to > n then p is injective, and hence 
an isomorphism onto h^^dKGL{u) (17®"), 

(b) V'(77Gi(C/)) =EndKe„(C/®"), 

(c) if charLf = 0, then there is an irreducible (ii'GL(C/), (iL©„)°P)-bimodules 
decomposition 


U®" = 0 Aa O 

A—(Ai ,A2 
i{X)<m 

where Aa (resp., S^) denotes the irreducible iGGL(17)-module (resp., irre¬ 
ducible Ar©„-module) associated to A, and ^{\) denotes the largest integer 
i such that Xi^h. 

Let T be the automorphism of K&n which is defined on generators by T{si) = —si 
for each 1 < z < n — 1. Then (by using this automorphism) it is easy to see that 
the same Schur-Weyl duality still holds if one replaces the right permutation action 
of ©„ by the right sign permutation action, i.e.. 


(Uji (g) • • • (g) Vi„)sj := -(Uji (g • • • (g (g (g Ujj (g Vi, 


' C) Uj„), 


for any 1 < j < n — 1 and any vp, - ■ ■ ,z;i„ G U. 

In the case oi K = <C, there are also Schur-Weyl dualities for other classical 
groups—symplectic groups and orthogonal groups. In this paper, we shall consider 
only the symplectic case.^ Recall that symplectic groups are defined by certain 
bilinear forms (,) on vector spaces. Let E be a 2TO-dimensional RT-vector space 
equipped with a non-degenerate skew-symmetric bilinear form (,). Then (see [Gri], 
[Dt, Section 4]) the symplectic similitude group (resp., the symplectic group) rela¬ 
tive to (,) is 


GSp(y) := G GL{V) 30 ^ d G K, such that {gv,gw) = d{v,w), Vz;,zc G e| 
^resp., Sp(y) := ^g G GL{V) {gv,gw) = {v,w), V v,z« G e|. ^ 


^In this paper, we will use the results by Oehms and also by Donkin on symplectic Schur 
algebras. To deal with the orthogonal case, one needs analogous results for orthogonal Schur 
algebras, which are not presently available. 
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By restriction from GL{V), we get natural left actions of GSp{V) and Sp{V) on 
V®". Again we denote by f/' the natural AT-algebra homomorphism 

V' : KGSpiy) End/f(V®”), 

V' : KSp{V) EndK(E®”). 

Note that if 0 d G AT be such that {gv,gw) = d{v,w) for any v,w G V, then 
((V d~^g)v, (V d~^g)w) = {v,w) for any v,w G V. Therefore, if K is large enough 
such that -y/d G K for any d G K, then g G GSp{V) implies that (aidy);/ G Sp{V) 
for some 0 ^ a G K. In that case, 

i’id) = V’((a"^idy)(aidy)5) =idy)'0((aidy)g) 

= (a“" idy®n)^((aidy)(/) = a“"^/>((aidy)g). 

It follows that 

(1.1) iplyKSpiV)) ='4){KGSp{V)) 

provided K is large enough. 

In the setting of Schur-Weyl duality for the symplectic group, the symmetric 
group 6„ should be replaced by Brauer algebras (introduced in [B]). Recall that 
Brauer algebra Bn{x) over a noetherian integral domain R (with parameter x G R) 
is a unital i?-algebra with generators si, • • • , s„_i, ei, • • • , e„_i and relations (see 

[E]): 

sf = 1, ef = xci, CiSi = Ci = SiCi, Vl<z<n — 1, 

SiSj = SjSi^ SiCj = CjSi^ = CjCiy Vl^Z^J — l^TZ — 2, 

Vl^Z^TT. 2. 

Note that Bn{x) was originally defined as the linear space with basis the set of 
all Brauer n-diagrams, graphs on 2n vertices and n edges with the property that 
every vertex is incident to precisely one edge. One usually thinks of the vertices as 
arranged in two rows of n each, the top and bottom rows. Label the vertices in each 
row of a n-diagram by the indices 1,2, • • • , n from left to right. Then Si corresponds 
to the n-diagram with edges connecting vertices i (resp., z -I- 1) on the top row with 
z -f 1 (resp., z) on bottom row, and all other edges are vertical, connecting vertex 
k on the top and bottom rows for all /c ^ z, z -f 1. corresponds to the n-diagram 
with horizontal edges connecting vertices z, z -I- 1 on the top and bottom rows, and 
all other edges are vertical, connecting vertex k on the top and bottom rows for all 
k ^ z, z -|- 1. The multiplication is given by the linear extension of a product dehned 
on diagrams. Eor more details, see [B], [GW]. 

There are right actions of Brauer algebras (with certain parameters) on tensor 
space. The definition of the actions depend on the choice of an orthogonal basis 
with respect to the defining bilinear form. Let 5ij denote the value of the usual 
Kronecker delta. For any 1 < z < 2m, set i' := 2m -I- 1 — z. We fix an ordered basis 
{v\^V 2 , • • • , V2m] of V such that 


{vi,Vj) = 0= {vii,vp), = Stj =-{vf,Vi), V I<z,j<m. 
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For any i,j& {l, 2, • • • , 2m}, let 


{ 1 if J = i' and i < j, 

-1 if j = i' and i > j, 

0 otherwise, 

The right action of i?„(—2m) on y®” is defined on generators by 


0 • • • (g) Vi^)sj := -(Vii (g • • • (g) (g) (g) Vi^ (g g ••• g 

(?^ii g • • • g := g • • • g g ( ®Vk-Vk® Vk') j g Vi^ 

^k=l ' 


Let Lp be the natural iF-algebra homomorphism 

V?: (B„(-2m))°^’^EndK(f"®”). 

The following results are well-known. 

Theorem 1.2. ([B], [Bl], [B2]) 1) The natural left action ofGSp{V) on E®” com¬ 
mutes with the right action of Bn(—2m). Moreover, if K = C, then 


¥.(i?„(-2m)) = EndcGSp(v)(^®”) = Endcsp(y) (E®"), 
f:{CGSpiV)) = f:{CSp{V)) = EndB„(-2™) (E®”), 

2) if K = C and m > n then (p is injective, and hence an isomorphism onto 
EndcGSp(y)(E®”), 

3) if K = C, then there is an irreducible (CGSpfV), (Bn{—2m))°'^)-bimodules 
decomposition 

[n/2] 

i/®" = 0 0 A(A)gii(y), 

f^O X\-n-2f 
£{X)<m 

where A(A) (resp., D(\')) denotes the irreducible CGSp{V)-module (resp., the ir¬ 
reducible Bn{—2m)-module) corresponding to A (resp., corresponding to X'), and 
X' = (A}, A 2 , • • •) denotes the conjugate partition of X. 

The aim of this work is to remove the restriction on K in part 1) and part 2) of 
the above theorem. We shall see that the following holds for any infinite field K. 

Proposition 1.3. For any infinite field K, tp(^KGSp{V)) = EndB„(_ 2 m)(E®”). 

In fact, this is an easy consequence of [Oe, (6.1), (6.2), (6.3)] and [Dt, (3.2(b))]. 
The proof is given in Section 2. The main result of this paper is 

Theorem 1.4. Let K be an arbitrary infinite field. Then 

(^(i?„(-2m)) =End;,GSp(y)(E®”) =EndKSp(y)(E®”), 


and if m>n, then p is also injective, and hence an isomorphism onto 
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End^GSp(y)(l^®"). 

Remark 1.5. 1) Note that when m < n, is in general not injective. For example, 
let m = 2, n = 3, C/ = G = Spi{K), then it is easy to check that the element 
a := (1 + si)(l + S2 + S2S1) + (1 + S2 + SiS2)ei(l + S2 + S2S1) lies in the kernel of 
p : EndKSpiiK){V’^^). In fact, ker((/?) = Ka. 

2) It would be interesting to know if the quantized versions of Proposition 1.3 
and Theorem 1.4 hold (see [BW], [CP] and [M]). 

2. The algebra 

In this section, we shall show how Proposition 1.3 follows from results of [Oe, 

(6.1) , (6.2), (6.3)] and [Dt, (3.2(b))]. 

We shall first introduce (following [Oe, Section 6]) a Z-graded i?-algebra yl|j(m) 
for any noetherian integral domain R. Over an algebraically closed field, this alge¬ 
bra is isomorphic to the coordinate algebra of the symplectic monoid, and the dual 
of its n-th homogenous summand is isomorphic to the symplectic Schur algebra 
introduced by S. Donkin ([Do2]). 

Let i? be a noetherian integral domain. Let Xij, 1 < i, j < 2m be 4m^ commut¬ 
ing indeterminates over R. Let Api{2m) be the free commutative i?-algebra (i.e., 
polynomial algebra) in these Xij, 1 < i, j < 2m. Let Ir be the ideal of AR{2m) 
generated by elements of the form 

2m 

^ ^ ^ ^ ^ J ^ 2?7T-, 

k^l 

2m 

(2.1) E ^k^k,i^k' t 1 ^ ^ ^ J ^ 2771, 
k^l 

2m 

^ ^k(,^i,k^i',k' ^kjj^k' ,j'^i 1 ^ ^ 

k—1 

The _R-algebra An{2m)/lR will be denoted by A^^{m). Write Cij for the canon¬ 
ical image Xij -h Ir of Xij in ri.|^(r77) (1 < 7, j < 2?77). Then in ri|^(r77) we have the 
relations 

' 2m 

^ ^ ^kCi^kCj^k' — Oj 1 ^ 7 ^ J E 2777, 
k^l 
2m 

(2.2) < ^ ^ ^k^kjiCk' ,j ~ dj 1 7 ^ J E 2771] 

k^l 

2m 

^ ^ ^k{^i,k^i' ,k' ^kj^k' J') ~ Oj 1 ^ 

, k^l 

Note that AR{2m) is a graded algebra, AR{2m) = 0^>ori/^(2r77, 77 ), where the 
ri/^(2777, 77 ) is the subspace spanned by the monomials of the form Xij for (7,j) G 
1^(2777, 77 ), where 

1(2777,77) := {7 = ( 71 ,*** ,^n) I 1 < ij < ‘Im, Vj}, 

1^(2777, 77 ) = /(2r77, 77 ) X /(2777, 77), Xi^j := Xi-^^j-^ * * * Xi^j^. 
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Since Ir is a homogeneous ideal, A|j(m) is graded too and = 0„>o^|j(m, n), 

where A^j^(m,n} is the subspace spanned by the monomials of the form Cij for 
(i>j) G I^{2m,n), where 

Cij := Cjj j j . 

By convention, throughout this paper, we identify the symmetric group 6„ with 
the set of maps acting on their arguments on the right. In other words, if ct G &„ 
and a G {1,..., n} we write (a)a for the value of a under a. This convention carries 
the consequence that, when considering the composition of two symmetric group 
elements, the leftmost map is the first to act on its argument. For example, we 
have (1,2,3)(2,3) = (1,3) in the usual cycle notation. 

Note that the symmetric group 6„ acts on the right on the set I{2m, n) by the 
rule^ 

iCT := ‘ ‘ ‘ 5 )? O' G ©n- 

It is clear (see [Dt]) that Af^{m,n) = AR{2m,n)/lR{n), where Ir{1) = 0, and for 
n>2, lR{n) is the i?-submodule of AR{2m,n) generated by elements of the form 


(2.3) 


2m 

^ ^ ,kn)i 

k^l 
2m 

^ ^k^{k,k^ ,in)5 

k^l 
2m 

k—1 


where 1 < i, j < m, i,j G I{2m,n) such that ii ^ ^201 7^ J 2 - 
Furthermore, if one defines 

= X! ^hk^Xkj, e{xij) = Sij, yi,iG I{2m,n),\/n, 

k£l(2m,n) 


then the algebra AR{2m) becomes a graded bialgebra, and each AR{2m,n) is a 
sub-coalgebra of AR{2m). Its linear dual SR{2m, n) := Aom.R{AR{2m, n),R) is the 
so-called Schur algebra over R (see [Gr]). Let Sff^{m,n) := Homi^(A|j(m, n), i?). 
By [Oe, Section 6], Af^{m,n) is in fact a quotient coalgebra of AR{2m,n), hence 
Sf^{m,n) is a subalgebra of S'fl(2m, n). 

We define (i, j) ~ (u, u) if there exists some o G ©„ with ip = u,jo = v. 
Let /^(2m,n)/~ be the set of orbits for the action of ©„ on P{2m,n). For each 
ihj) y P{2m,n)/'^, we define G SR{2m,n) by 


{^u,v} 


1 , if (i,j) ~ (w,!!), 
0 , otherwise. 


V (u, u) G /^(2 to, n)/~. 


^This action is the so-called right place permutation action. 
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The set | (i,j) S /^(2m, n)/~} forms a i?-basis of Sii{2m,n). The natural 
action of Sn{2m,n) on V®” is given as follows 


v-®" ^ F®” 


Va ■= Vn 


■■®Va 


bG/(2m,n), 

(a,6)~(i,j) 


t’fc, 


Va := (oi, • • • , a„) G /(2 to, n). 


Let ^ = J2(tj)ei^(2m,n)/^ ^hi^hi € SR{2m,n). By (2.3), it is easy to see that 
^ G n) if and only if 


(2.4) 


' 2m 

2m 

2m 

£fc(Q(z,i',i3,--- ,in),(fc,fc',.73,--- ,. 7 „) ~ ,jn)) ~ 

^ fc—1 


where 1 < i,j < m, i,j G I(2m,n) such that ^ * 2 ) Ji J 2 - 

Let i? = iV be an infinite field. Recall the ordered basis {wi, U 2 , • ’ ’ ) V 2 m] of V. 
Let (,) be the unique (non-degenerate) skew-symmetric bilinear form on V such 
that 


(vi,Vj) = 0 = (vi>,Vf), (vi,Vf)=Sij=-(vf,Vi), Vl<i,j<m. 
This form is given (relative to the above ordered basis) by the block matrix 


J := 


0 JjYi 

Jm 0 


where Jm is the unique anti-diagonal m x m permutation matrix. With respect to 
the above ordered basis of V, the group GSp{V) may be identified with the group 
GSp 2 m{K) given by 


GSp2m{K) := [a G GL2m{K) 


30 ^ d{A) G K, such that A^JA = d{A)j'^. 


Let M 2 m{K) denote the affine algebraic monoid of n x n matrices over K. With 
respect to the above basis of V, the symplectic monoid SpM{V), which by definition 
consists of the linear endomorphisms of V preserving the bilinear form up to any 
scalar (see [Dt, Section 4.2]), may be identified with 


SpM 2 m{K) := G M 2 m{K) ^d{A) G K, such that AA J A = d{A)j'^. 


Let K be the algebraic closure of K. The coordinate algebra Rr[M 2 m(^^)] is 
isomorphic to A-^{2m) := (2m) ® K. The coordinate algebra of GL 2 m{K) is 

isomorphic to K[det~^{xij) 2 mx 2 m',XiAi<i,j< 2 m- The embedding GSp 2 m{K) ^ 

7 



GL2m{K) induces a surjective map K[GL2miK)] K[GSp2miK)]. Denote by 
A^{m) (resp., A^{m,n)) the image of A-^{ 2 m) (resp., of A-j^{ 2 m,n)) under this 
map. Then, by [Do2], 

(1) A^{2m) is isomorphic to the coordinate algebra of SpM 2 m{K), 

(2) A^{2m) = 0o<nez^^(w, n), and the dimension of A^{m,n) is indepen¬ 
dent of the field K, 

(3) the linear dual of A^{m,n), say, S^{m,n) is a generalized Schur algebra 
in the sense of [Dol]. 

The algebra S^{m,n) is called by S. Donkin the symplectic Schur algebra. 

We define A‘‘^{m) (resp., A^j^{m,n)) to be the image of AK{ 2 m) (resp., of 
AK{ 2 m,n)) under the surjective map K[GL2m{K)\ -» K[GSp2m{K)\. It is clear 
that 

A^j^(m) iS) K = A^{m), A^^{m,n) i^) K = A^{m,n), 

and hence A^(2 to) = 0o<n aAf( TO, n). 

On the other hand, by definition of SpM2m{K), it is easy to check that the 
defining relations (2.1) vanish on every matrix in SpM2m{K). It follows that there 
is an epimorphism of graded bialgebras from A]^{m) onto A’^^im). Note that for 
each 0 < n G Z, the dimension of both A]^{m, n) (see [Oe, (6.1)]) and A^j^{m, n) are 
independent of the field K. By [Dt, (9.5)], A^{m,n) = A^{m,n). So the two coal¬ 
gebras always have the same dimension. It follows that Aj^(m, n) = (to, n) and 
A]^{m) = A’^^ljn). In particular, we have that S^{m,n) = S'^j^{m,n). Therefore 
we have 

Theorem 2.5. ([Oe, (6.2)])^ For any infinite field K, there is an isomorphism of 
graded bialgebras from A'^j^{m) onto A^^{m). In particular, A]^(m,n) = Af^{m,n) 
and (m,n) = Sffi (to, n) for each n G N. 

As a Z-submodule of Endz(V^”), the algebra EndB^(_ 2 m)z(^") ^ 

module of finite rank. Oehms proved in [Oe, (6.3)] that the symplectic Schur 
algebra S^{m,n) is isomorphic to the centralizer algebra EndB^(_ 2 m)over 
any noetherian integral domain. The following two results follow directly from the 
construction of his isomorphism. 

Theorem 2.6. ([Oe, (6.3)]) For any field K, under the natural homomorphism 
S'i<:(2TO,n) ^ End(E®"), the subalgebra Sf^{m,n) is mapped isomorphically onto 
the subalgebra EndB„(_2m) • 

Corollary 2.7. ([Oe, (6.3)]) For any field K, the map which sends f ® a to af 
naturally extends to a K-algebra isomorphism 

FndBU- 2 ^h{Vz") ^ = EndB„(- 2 m)(f^®”). 

Now we can prove Proposition 1.3. By Theorem 2.6 and the canonical iso¬ 
morphism 5’^(m,n) = 5’^(m,n) from Theorem 2.5, we know that the natural 
homomorphism from S^{m,n) to End(P‘^^) maps S^{m^n) isomorphically onto 

^Note that though Oehms assumed in [Oe, (6.2)] that K is an algebraically closed field, 
the validity over arbitrary infinite field is an immediate consequence (as shown in our previous 
discussion). 



EndB„(- 2 m)(^®")- Now the second author showed in [Dt, (3.2(b))] that the im¬ 
ages of KGSp{V) and of S‘^^{m,n) (which is denoted by Sd{G) in [Dt, (3.2(b))]) 
in End(V®”) are the same when K is infinite. It follows that for any infinite field 


K, 


V^(KG5p(E)) =EndB„(-2m)(f^®”). 


Note that this is also equivalent to the fact that the natural evaluation map 


(2.8) KGSp{V) ^ S'^{m,n) = S^{m,n) 


is surjective. This completes the proof of Proposition 1.3. □ 


3. The action of i3„(-2m) on E®" for m > n 

In this section, we shall give the proof of Theorem 1.4 in the case where m> n. 

Let i? be a noetherian integral domain with q £ R a fixed invertible element. 
It is well-known that the Hecke algebra Ti.R^qi&n) associated with the symmetric 
group 6„, and hence the group algebra of the symmetric group 6„ itself, are 
cellular algebras. An important cellular basis of HR^qi&n) is the Murphy basis, 
introduced in [Mu]. Another cellular basis is the Kazhdan-Lusztig basis [KL]. The 
latter one was extended by Graham-Lehrer to a cellular basis of the Brauer algebra. 
Xi extended this in [Xi] to the Birman-Murakami-Wenzl algebra, a quantization of 
the Brauer algebra; this algebra is also cellular. It is known that ([GL], [Xi], [E]) 
any cellular basis of the Hecke algebra 'H.R^qi&k) {k G N) can be extended to a 
cellular basis of the Birman-Murakami-Wenzl algebra. We shall follow Enyang’s 
formulation in [E], which describes the basis explicitly in terms of the generators. 
We will use the Murphy basis of R&k {k G N), extended to a cellular basis of 
Bn{—2m). We now describe this basis. 

For a composition A = (Ai, • • • , A^) oi k (i.e., A^ G Z>o, = fc), let 

Sa = ,Ai} X S{Ai-H.... .A1+A2} X • • • 

be the corresponding Young subgroup of 6^, and set x\ = ^ ^ R&k- The 

Young diagram associated with A consists of an array of nodes in the plane with 
Xi many nodes in row i. A A-tableau t is such a diagram in which the nodes are 
replaced by the numbers 1, • • • ,k, in some order. The initial A-tableau t'^ is the 
one obtained by filling in the numbers 1, • • • , fc in order along successive rows. For 
example, 

1 2 3 
4 5 

is the initial (3, 2)-tableau. The symmetric group &k acts naturally on the set of 
A-tableaux (on the right), and for any A-tableau t we define d{t) to be the unique 
element of &k with G(i(t) = t. A A-tableau t is called row standard if the numbers 
increase along rows. If Ai > • • • > Ag, i.e., A is a partition of k, then t is called column 
standard if the numbers increase down columns, and standard if it is both row and 
column standard. The set Vx = {d(t) | t is row standard A-tableau} is a set of right 
coset representatives of ©a in 6^; its elements are known as distinguished coset 
representatives. For any standard A-tableaux s, t, we define mst = d{s)~^x\d{t). 
Murphy [Mu] showed 
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Theorem 3.1. ([Mu]) {nisi \ X\- k, s,t are standard X-tableaux} is a cellular ba¬ 
sis of R&k for any noetherian integral domain R. 

To describe Enyang’s cellular basis of the Brauer algebra Bn{x), we need some 
more notation. First we fix certain bipartitions of n, namely v = Vf := ((2^), (n — 
2/)), where (2^) := (2, 2,--- ,2) and (n — 2/) are considered as partitions of 2/ 

/ copies 

and n — 2f respectively, and 0 < / < [n/2]. Here [n/2] is the largest non-negative 
integer not bigger than n/2. In general, a bipartition of n is a pair of 

partitions of numbers ni and n 2 with ni -I- n 2 = n. The notions of Young diagram, 
bitableaux, etc., carry over easily. Let be the standard ^/-bitableau in which the 
numbers 1, 2, • • • ,n appear in order along successive rows of the first component 
tableau, and then in order along successive rows of the second component tableau. 
We define 


'— s d G ©r 


(t:(i), t(2)) = {I'd is row standard and the first column of is 
an increasing sequence when read from top to bottom 


For each partition A of n — 2/, we denote by Std(A) the set of all the standard A- 
tableaux with entries in {2/ -|- 1, • • • , n}. The initial tableau in this case has the 
numbers 2/ -b 1, • • • , n in order along successive rows. Again, for each t G Std(A), 
let d{t) be the unique element in ^ 6 „ with t'’'(i(t) = 1 . 

For each integer / with 0 < / < [n/2], we denote by i;]re two-sided ideal 
of Bn{—2m) generated by 6163 • • • e 2 /-i. Note that B^^^ is spanned by all Brauer 
diagrams with at least 2 / horizontal edges (/ edges in each of the top and the 
bottom rows in the diagram). 

Let / be an integer with 0 < / < [n/2]. Let cr G 6 { 2 /-i-i,...,«} and di,d 2 G 
where again n is the bipartition ((2-^), (n — 2/)) of n. Then df^eie^ • ■ ■ e 2 f-i<jd 2 
corresponds to the Brauer diagram where the top horizontal edges connect (2i—l)di 
and {2i)di, the bottom horizontal edges connect {2i — l)d 2 and { 2 i)d 2 , for i = 
1, 2, • • • , /, and the vertical edges are determined by df^ad 2 . By [Xi, (3.5)], every 
Brauer diagram d can be written in this way. 

Theorem 3.2. ([E]) Let R be a noetherian integral domain with x € R. Let 
Bn{x)R be the Brauer algebra with parameter x over R. Then the set 


^6163 • • • e 2 f-imsid 2 


0 < / < [n/2], A h n — 2/, s, t G Std(A), 1 
di,d 2 where V := {{2^),{n — 2f)) j 


is a cellular basis of the Brauer algebra Bn{x)R. 

As a consequence, by combining Theorems 3.1 and 3.2, we get that 
Corollary 3.3. With the above notations, the set 


di ^6163 • • • e 2 f-i<jd 2 


0 < / < [n/2], CT G &{2f+i,-,n}, di,d 2 G V,,, 
where v := ((2-^), (n — 2/)) 


is a basis of Brauer algebra Bn{x)R, which coincides with the natural basis given 
by Brauer n-diagrams. 
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We now specialize i? to be a field K, assume m > n, V = and consider 
the special Brauer algebra i3„(—2m) = i3„(—2m • \k)k- As pointed out in Section 
1, this algebra acts on tensor space t/®”, centralizing the action of the symplectic 
similitude group GSp{V) and hence that of the symplectic group Sp{V) as well. 

The proof of the next result will be given at the end of the section, after a series 
of preparatory lemmas. 

Theorem 3.4. Let K he field. If m > n, then the natural homomorphism p : 
B„(-2m) ^ End^(l/®") is injective, if furthermore K is infinite, then it is in 
fact an isomorphism onto End; 4 : 5 p(y) (E®"). 

Suppose that m>n. Our first goal here is to show that the action of i3„(—2m) 
on E®" is faithful, that is, the annihilator ann^^(_ 2 m)(h^®") is (0). Note that 

annB„(_2™)(E®”) = n annB„(_2m) (v). 

Thus it is enough to calculate annB^(_ 2 m) {v) for some set of chosen vectors v G E®” 
such that the intersection of annihilators is (0). We write 

ann(u) = annB^(_ 2 m)(u) := {x G i3„(—2m) | vx = O}. 

Recall that (wi,-- - ,U 2 m) denotes an ordered basis of E, and /(2m,n) denotes 
the set of multi-indices i := (ii, •'' ) in) with ij G {1, • • • , 2m} for j = 1, • • • , n. We 
write Ui = Uij 0 • • • 0 Vi^ for i := (E, • • • , in) G /(2m, n). Thus {vj_ | i G /(2m, n)} 
is a //-basis of E®". Consider the action of the symmetric group ©„ on /(2m, n) 
given by iir = (i(i)^-i, • • • E(n) 7 r-i) for i := (ii, • • • , i„) G /(2m, n) and tt G 6 „. 
Thus, in particular, by definition, Vjjr = (—1)^*'^^^*^. For i G /(2m, n), an ordered 
pair (s, t) (1 < s < / < n) is called a symplectic pair in iiiis = i[. Two ordered pairs 
(s,t) and {u,v) are called disjoint if {s,t} C {u,u} = 0. We define the symplectic 
length £s(vi) to be the maximal number of disjoint symplectic pairs (s,t) in i. For 
CT, TT G &n and 1 < j < n — 1, it is easy to see that Viacjir is zero or a linear 
combination of tensors Vj with is{vi) = £s(vj). Moreover, for / > isivfi) we have 
C ann(ui). Note that tt i-^- (—for tt G ©n defines an automorphism r of 
the group algebra K&n, and that our action of ©„ on tensor space is precisely the 
standard place-permuatation action (see section 2) twisted by this automorphism. 
In particular, this shows that //©„ acts faithfully on E®" for m > n. Moreover, 
for TT G ©„ and i G /(2m, n), ann(uj7r) = ann(uiT) = 7r“^ ann(vj_). 

Now suppose again that m> n. We shall prove by induction on / that E 
annB^(_ 2 m)for all /• Since B^I'^ = 0 for / > [n/2], this shows the main 
result of this section, that is, Bn{—2m) acts faithfully on E®" if m > n. The start 
of the induction is the following. 

Lemma 3.5. anns^(_ 2™)(fo®”) C//W. 

Proof. Since m > n, the tensor v '.= Vi ® V 2 ® ® Vn is defined. Then vtt = 

(g)... for TT G ©„. Now is contained in the annihilator 

of VTT, hence is contained in the intersection of all annihilators of vtt, as tt ranges 
over ©„. Hence B^^'> annihilates the subspace S spanned by the vtt, where tt runs 
through ©„. Then the subspace S becomes a //„(—2m)-submodule of tensor space 
(since acts as zero). 
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On the other hand, since S as module for the symmetric group part, which is 
isomorphic with Bn{—2m) modulo the ideal , is faithful, it follows that the 
annihilator of S must be in B^^\ Hence annB„(- 2 m) Q B^^\ □ 

Suppose that we have already shown annB^(_ 2 m) C B^^'> for some natural 

number / > 1. We want to show ann 5 ^(_ 2 m) (^®") ^ If / > [n/2], we are 

done already. Thus we may assume / < [n/2]. 

For i := (ti,--- ,z„) G I{2m,n), we define the weight A(vi) = A to be the 
composition A = (Ai, • • • , A 2 m) of n into 2m parts, where Aj is the number of times 
Vj occurs as tensor factor in Uj, j = 1, • • • , 2m. Note that the tensors of weight A 
for a given composition A of n span a iF©„-submodule of thus 


0 

AG A(2m,n) 


as iF©„-module, where A(2m, n) denotes the set of compositions of n into 2m parts. 
It is well-known that is isomorphic to the sign permutation representation of 
&n on the cosets of the Young subgroup ©a of ©„. 

As a consequence, each element v G y®" can be written as a sum 

V = ^ v\ 

AG A(2m,n) 


for uniquely determined v\ G M^. 

Fix an index c G I{2m, 2f) of the form (zi, z^, Z 2 , * 2 ) • ’ ’ ) */> */) with 1 < Zg < 2m 
for 1 < s < /, for example, c = (1,1', 2, 2', • • • , /, f')- Since 6163 • • • 62 /-! acts only 
on the first 2/ parts of any simple tensor Vi, i G I{2m,n), we may consider these 
operators as acting on Y®^/. 

Let V = Uf := ((2-^),(n — 2/)). Consider the subgroup H of ©{i,..., 2 /} < ©« 
permuting the rows of ' but keeping the entries in the rows fixed. Obviously, H 
normalizes the stabilizer ©( 2 /) of C in © 2 /, where © 2 / := ©{i, 2 , . , 2 /}- In fact, 
it is well-known that the semi-direct product d' := ©( 2 /) x H is the normalizer of 
©( 2 /) in © 2 /. 

Let A^^) G A(2m, 2/) be the weight of ug with c = (/-|-1, (/-|-1)', • • • , 2/, (2/)') G 
/(2m, 2/). Note, if j = (ji, • • • ,jn- 2 f) G /(2m, zz — 2/) satisfies 2/ -|- 1 < jg < m 
for s = 1, • • • ,n — 2/, and if A^^^ G A(2m,n — 2/) denotes the weight of Vj G 
y®n- 2 f ^ then we obtain the weight A G A(2m,n) of ug O Vj by adding A^^^ to A^^^ 
componentwise. Note that {s | a1^^ 0} C {s | A^P 0} =0- We write for this 

weight A = A^^) O A^^^. We define Ef G /?„(—2m) to be 6163 - • •e 2 /-i. 

Lemma 3.6. The weight component ofvcCies - ■ ■e 2 f-i to weight A*^^^ is 




Proof. By definition, 


VcEf = 


^ (g)/ 

-O ®0')) 

i=i 


- O' 
i=i 


®/ 
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To obtain the components in the weight space we have to consider 

all occurring simple tensors which are obtained from = wi (^ ■ ■ ■ (^ wf with 
Wi = Vf^i(^V(^f^iy by first permuting the tensors Wi, which is done by a permutation 
TT G n, and then replacing (for some i G {1, • • • , /}) Wi by Wi' = 0 Vf+i, 

which amounts to applying a permutation a G On the other hand, each such 

tensor occurs exactly once, and the sign (—1)^1'^) is calculated taking in account 
that if we factor out (—1)^, the Wi carry a positive sign and the Wi' carry a negative 
sign, the elements of 11 have all even length and the action of ©„ on V®" considered 
here carries a sign as well. This proves the lemma. □ 

Recall v = Vf := {{2f),{n — 2/)) = ^0)) and the definition of the set 

in the beginning of this section. We set 

Vf = n 6 ^ where = ((2/), (n - 2/)) G A(2, n). 

( 2 ) 

Since d is row standard for any d G . Thus Vf consists of all d G Pi/j. which 
fix every element in the set {2/ + 1, • • • , n}. That is, Vf = V^^ n & 2 f- 

Lemma 3.7. We have the equality 

&2f= U 'kd, 

d&Vf 


where “U” means a disjoint union. 

Proof. Let t = ^ w, where w G & 2 f, be a ^^^^-tableau. Then w“^©( 2 /)W is its row 
stabilizer and is the subgroup of © 2 / permuting the rows of t. We therefore 

find a p G ©( 2 /) such that tw~^pw is row standard, and then a tt G 11 such that 

tw~^pww~^'Kw = V''' ^piTw is row standard and has increasing first column. Thus 
pnw = V'^^^d for some d G Vi,^ n © 2 / =Vf. Thus we have shown ipw = d with 
Ip := pir £ and hence w G 'I'd. To show that the union is disjoint, let di, d 2 G Vf 
and suppose di = ipd 2 for some ip G 'i>. Consider L = C* 'di, i = 1,2. We see 
from di = ipd 2 that ti and t 2 have the same numbers in their rows, in fact up to 
a permutation the same rows, since they are row standard. But the first column 
has to be increasing, by definition of V^j. , hence the orders of the rows in ti and t 2 
have to be the same as well. This proves di = d 2 and the union is disjoint. □ 

We now turn to the full set V,,^. Fix d G V^j, and let t = be the 

corresponding ^'j^-bitableau. Since consists of a single row with increasing en¬ 
tries, it is completely determined by those entries. On the other hand, taking an 
arbitrary set partition { 1 , ■ ■ ■ ,n} = {ii, • • • , 12 /} U {f 2 /-i-i, • • • , i2n}, and inserting 
the entries of the first set in increasing order along successive rows in V'*' ', and the 
numbers in the second set in increasing order into f' , we obtain a :zj-bitableau 
t = such that obviously d(t) G V^^^. Thus we may index those elements 

of Vjyj: by the set Vf of subsets of {1, • • • , n} of size 2/. Writing dj for J G Vf. 
For an arbitrary d G V,^^ with C-^d = t = the subset J of {!,• • • ,n} of 

entries of is an element of Vf, and one sees by direct inspection that there is 
an element di G Vf = V^^ n © 2 / such that t = dj{dj^didj) = didj. That is, 
d = didj. Note also that each element dj is a distinguished right coset representa¬ 
tive of &(2f,n-2f) in Thus we have shown 
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Lemma 3.8. 


'Duf = |_J T>fdj. 

J(^Vf 

We define If to be the set of multi-indices {i 2 f+i,- “ > *«) of length n — 2f with 
2 f + 1 < ip < m for p = 2f + 1, ■ ■ ■ ,n, where we choose the position index p to 
run from 2/ -|- 1 to n in order to keep notation straight, when we act by element of 
6„. Note that for 2/ -I- 1 < i < m, we have i' > m, hence fs(%) = 0 for all € //. 

For an arbitrary element v G we say the simple tensor Uj = 0 • • • 0 Vi^ 

is involved in w, if Vi has nonzero coefficient in writing v as linear combination 
J 2 j_ei{ 2 m,n) Mi of the basis {vj_\iG /(2m, n)} of F®”. 

Lemma 3.9. Let k G If, v = Vc 0 Wfc G I ^ d G &n- If either 

d ^ &( 2 f,n- 2 f) or d G Vf = n &( 2 f,n- 2 f), then d~^zEf G ann(u) for any 
z G'^. 

Proof. Write Uc = lui 0 • • • 0 lu/ with wj = Vj^Vji,j = 1, - ■ • , /. If / ^ 6(2/,n-2/)- 
Then d~^ is not contained in &(2f.n-2f) too. In particular, there is some j, 2/-I-1 < 
j < n, such that 1 < jd~^ < 2/, and hence the basis vector Vk^ with 2/-I-1 < kj < m 
appears at position jd~^ in vd~^. However, m < kj < 2m — 2f, hence Ufc' does not 
occur as a factor in vd~^ at all and hence for any z G 'k, 0 = vd~^zej^-i_i if jd~^ 
is even, 0 = vd~^zCj^^-i if jd~"^ is odd. As the efs in Ef = eiCa • • • e2/-i commute 
we have vd~^zEf = 0 in this case, li d G Vf = V^^ n &2f, then d and hence 
d~^ as well is not contained in the subgroup di of 62/ defined above. Therefore 
there exists j G {1, 3 , • • • , 2/ — 1 } such that jd~^, {j + l)d~^ are not in the same 
row of Now we see similarly as above that zEf annihilates vd~^ for any 

z G'^. □ 

We are now ready to prove the key lemma from which our main result in this 
section will follow easily. 

Lemma 3.10. Let S be the subset 
di^Efad 2 

of the basis (3.3) of Bn{—2m), and let U be the subspace spanned by S. Then 

n ( Pi ann(uc 0 0 U. 

keif 



Proof. Since £s{vk) = 0, by definition of If, hence is{vc <8) %) = /, it follows that 
5 (/+i) c ann(uc 0Vfc). This, together with Lemma 3.9, shows that the right-hand 
side is contained in the left-hand side. 

Now let X G B^I'> n {Pkeif ann(uc0Ufc)). Using Lemma 3.9 and the basis (3.3) of 
Bn{—2m), we may assume that x = Ef ^dd, where v = Vf = ((2^), (n-2/)) 

and the coefficients Zd, d G V,, are taken from K 6 ^ 2 f+i, . ,n} U K&n- We then 
have to show a; = 0. 

Fix k G If and write v = Vc ® Vk- As in Lemma 3.6, choose the weight G 
A(2m, 2/) to be the weight of ug = wi 0 • • • 0 Wf, where Wi = Vf+i 0 i = 
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1, • • • , /, and let be the weight of Vk, thus A = A^^^ 0 A^^^ is the weight of Vc®Vk- 
Since V®” is the direct sum of its weight spaces we conclude {vx)^ = 0 for all 
H G A(2m, n). In particular, 

0 = {vx)x = ((wc 0 ^ {xcEf 0 Vkj Zdd 

deVu 

= X! ‘SiVj^Zdd. 

dex>„ 

The latter equality holds, since the action of 6 „ preserves weight spaces. 

By Lemma 3.6 we have (%£'/);)^(l) = = x, where again is 

the normalizer of the Young subgroup &{2f) in ® 2 /- Thus we have to investigate 
{v (S> vj^Zdd = 0 for the unknown element Zd G itr©{ 2 /+i, .. ,«}• Note that 
(v (g) Vk)zd = V(E> (vkZd). 

We fix c? G 2Ai/y:. By Lemma 3.8 we find a 2/-elements subset J of {1, • • • ,n} 
and di G Vf C & 2 f such that d = didj. Thus 

(y (g) v^Zdd = (u (g) VkZd)d = (y VkZd)didj = {vdi (g) VkZdj^dj)dj, 
since di G 62 / and Zd G K&^ 2 f+i,- -,n}- 

li J,L G Vf, J L, choose 1 < / < n with I G J but I ^ L. Thus there exists 
an j G {1,2,-•• ,2/} which is mapped by dj to I, but il)d~[^ > 2f. Note that 
for any d G I?/ all basis vectors Vi occurring in vd as factors have index in the 
set {/ + 1, / + 2, • • • , 2/, (2/)', • • • , (/ + 2)', (/ + 1)'}, and all those Vi occurring in 
VkZddj, respectively in v^ZddL^ have index i between 2/ + 1 and m. Let Vi^®- ■ -^Vi^ 
be a simple tensor involved in (udi (g) v^Zdidj)dj and Vjf ® ■ ■ ■ ® Vj^ be a simple 
tensor involved in (yd 2 ® v^ZdydL)dL for di, d 2 G Vf. Then, by the above, we have 
that 2 f + 1 < ji < m, and either = Vk or Vi, = Vk' for some / + 1 < fc < 2/. 
Consequently the simple tensors Vf,i G I{2m,n) involved in {(udi ® %Zdidj)dj} 
and in {{vd 2 ® v^Zd 2 dL)dL} are disjoint, hence both sets are linear independent. 
We conclude that ^deVf {xd®VkZddj)dj = 0 for each J G Vf, hence X^diei?/ ® 
VkZdidj = 0, since dj is invertible. 

Lemma 3.7 says in particular that vdi is a linear combination of basis tensors 
r’i = uq (g • • • (g Vi. 2 f, i G cT'di, and that we obtain by varying di through Vf 
precisely the partition of © 2 / into d>-cosets. These are mutually disjoint. This is 
because © 2 / acts faithfully on the iL-span of {vyr \ a G © 2 /} and hence all the basis 
vectors Uj, 1 < z < n appearing as factors in vdi are pairwise distinct. Consequently 
the cosets of 'I'di,di G Vf, partition the basis vectors in this set into mutually 
disjoint subsets and we conclude that the basic tensors involved in vdi are disjoint 
for different choices of di G Vf. Therefore, the equality ® VkZdidj = 0 

implies that vdi ®VkZdidj = 0 for each fixed di G Vf. Now we vary k G If. The K- 
span of {ufc I fc G //} is isomorphic to the tensor space £qj. symmetric 

group ©| 2 /+i,... _„} = &n-2f- Since m — 2f > n — 2f, hence ©| 2 /+i,... acts 
faithfully on it. This implies Zd^dj = 0 for all di G Vf,J G Vf. Thus a; = 0 and 
the lemma is proved. □ 

Corollary 3.11. Let d G Vi^, v = vf. Then 

n (n ann((z;c <g Wfc )d)^ = 0 Kd:[^Efad 2 

keif \ dyidi,d2ev„ 

+ ,n} 
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Hence B^^'> n Clkeif a,nn({vc‘SiVk)d)'j = . 

Proof. First, we claim that for any d, d 2 G Bi, with df^d, 

{{vc ® Vk)d)d~^Ef = 0, 

and thus the right-hand side of the above equality is contained in the left-hand side. 

By Lemma 3.9, it suffices to consider the case where dd~^ = w G &{ 2 f.n- 2 f)- By 
Lemma 3.8, we can write d = didj,d = didL, where di,di G Vf^J^L G Vf. Since 
dj, dr are distinguished right cosets representatives of &( 2 f,n- 2 f) in ®n, we deduce 
that J = L. Hence di = wdi and hence w G & 2 f- By Lemma 3.7, we can write 
w = zds, where z G 'i’,ds G Vf. Since d ^ d, it follows that di di. Therefore, 
by the decomposition given in Lemma 3.7, we know that di = wdi = zd^di implies 
that da 1. Therefore, by Lemma 3.9, Vcdd~^Ef = Vcdf^z~^Ef = 0. This proves 
our first claim. 

Second, note that the annihilator of (vc (S’ Vk)d {k G If,d G V^^) in B(f) is 
precisely d~^ ann(vc 0 %) n B^V ^ By Lemma 3.10, to complete the proof of the 
corollary, it suffices to show that each d~^df^Efad 2 , where 1 di,d2 G Vi,,a G 
S|2/+i_... _„}, can be written in the form df^Efdd2, where d di,d2 G V,y,d G 
6{2f+i,... ,n}- In fact, assume that did = zd^dj, where z G Tjda G Vf,J G Vf. 
Then by the decomposition given in Lemma 3.7, di ^ 1 implies that d^dj d. 
Note that is generated by si, S2iS2i+iS2i-iS2i, z = 1, • • • , /. Using the fact that 
siCi = Cl and 

S2iS2i-|-lS2i-lS2ie2i-ie2i+l = S2i 524-1-162^621-1621+1 = 621+1621621-1621+1 

= 621+1621621+1621-1 = 621-1621+1, 

it is easy to see that zEf = Ef for any z G It follows that 

d~^df^Efad2 = {d3,dj)~^z~^Efad2 = {d3dj)~^ Efad2, 
as required. This completes the proof of the corollary. □ 

Proof of Theorem 3.4: We have seen in Lemma 3.5 that ann^^(_2m) U 

B^'df and Corollary 3.11 implies that ann5^(_2m) C provided that 

annB^(_2m) (l^®”) C B^V _ Thus by induction on / we have annB„(-2m) (l^®") C 
B^d) fQj. all natural numbers /. Since B^d+'i-) = q for / > [n/2] it follows that 
annB^(-2m) (l^®") = 0. In other words, ip is injective if m > n. 

Suppose furthermore K is an infinite field. By (2.8) the natural homomorphism 
from the group algebra KGSp{V) to the symplectic Schur algebra S‘f^{m,n) is 
surjective. Note that S‘^^{m,n) is a quasi-hereditary algebra and V = L(si) = 
A(si) = v(6i)) it follows that U®” is also a tilting module over Sf^{'m,n). By 
general theory from tilting modules (e.g. [DPS, Lemma 4.4 (c)]), 

End^GSp(v) (E®") ®kK = Ends^«(U®") ®k K 

= Ends-(^,„)(U®") = End^e^p(^^)(U|"), 

where % := V K, and dim Endg^(U^”) = dimEnd5»«-(^_„)(Uc®”). 
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Therefore 


dimEnd;^GSp(V)(^®”) 

= dimEndcGSp.„(C)((C2™)®") 

= ^ (dimS''^)^ (by the fact that m>n and [GW, (10.3.3)]) 

0</<[n/2] 

Ahn—2/ 

= dim Bn (—2m), 

where is the cell module for B„(—2m) associated to A. By comparing dimen¬ 
sions, we see that Lp is in fact an isomorphism. This completes the proof of Theorem 
3.4, and hence the proof of Theorem 1.4 in the case m > n. □ 


4. The case m < n 

We shall now embark on the case where m < n. Our proof will use the result 
for m > n, which was done in the previous section. 

Recall that for m < n the algebra Bn{—2m) does not in general act faithfully 
on E®”. To prove Theorem 1.4, it suffices to show that the dimension of im((p) 
is independent of the choice of the infinite field K. From now on unless otherwise 
stated, we assume that K is algebraically closed. In particular, by (1.1) we can 
work with Sp{V) instead of GSp{V). 

We fix mo € N such that mo > m and mo — m is even. Let E be a mo- 
dimensional symplectic iL-vector space with ordered basis ui, • • • , Umo) • • • ,vi' 
and the symplectic form given by (vi,Vj) = eij, V1 < i, j < 1', where 

{ 1 if J = i' and i < j, 

-1 if j = i' and i > j, 

0 otherwise. 


We make the convention that 1 < 2 < • • • < mo < mg < • • • < 2' < 1'. Identifying 
Vi with Vi and vp with Vii for each 1 < i < m, we embed V into E as a K- 
subspace. In the following we shall construct objects and maps with respect to V 
and V, which will without further notice carry a symbol if they are constructed 
with respect to V and without this symbol for V. The notion of the signs Cij for 
i, j G {1, • • • , mo, mg, • • • ,1'} extends the defined in the beginning for V. 

We have a natural embedding of Sp{V) into Sp{V), that is, 


(4.1) 


SpiV) = [g€ Sp{V) 


gvj =Vj, 


for each m -|- 1 < j < (m -I- 



Tensor space R®" is a direct summand of R®”; let ttk : R®" ^ r®" I30 
corresponding projection. That is, ttx sends all simple tensors which contain a 
tensor factor Vi or Vi> for m -I- 1 < i < mo to zero. 

The symplectic form defines a R'5'p(R)-isomorphism l from R onto V* := 
Homi^(R, iL), taking v G V to l{v) := (w, —) G R*, thus R and hence R®” are 
self-dual ^^^(Rj-modules. The analogous statement holds for R and KSp{V). 
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We identify Endi<-(t^) with V ^ V* in the standard way. If we represent a K- 
endomorphism oi V as a matrix (dij) {i,j € {1, •'' ,m,m' ■ ■ • , 1'}), relative to a 
basis {vi), then the corresponding vector oiV ®V* is 

Note that i{vj/){vs) = 6sj for any 1 < s < lb This construction extends easily to 
tensor product by 

EndA:(E®”) ^ E®” (g) (E®”)* ^ E®” (g (E*)®”, 

and works similarly for E. If g G Sp{V), p : KSp{V) —> EndK(E®") is the repre¬ 
sentation afforded by tensor space, then p{g) acts on End/f (E®") by conjugation. 
Hence Endi<:(E®") is naturally a itrS'p(E)-module and the isomorphisms above are 
iG5'p(E)-module maps. In particular 

EndKSp{v){V^") = (E®"(g) (E*)®")'^^^^\ 

where the latter denotes the invariants of E®” (g (E*)®” under the left diagonal 
action of KSp{V). Using the fact that E = E* as it'S'p(E)-module, we obtain 
EndK(E®") ^ E®2", and hence 


EndKSpiv){V^-) = (E®2")^"("'\ 

Note that the above isomorphism sends a homomorphism represented by the matrix 
(dij) {i,j G I{2m,n)), relative to a basis {vj), to the vector 

( 4 . 2 ) dij{vi(»vf), 

i,jGl{ 2 m,n) 


where i= (ii,--- ,z„), j = (ji, • • • , j„),/ = (j(, • • • ,f^). Therefore, we can express 
our problem in terms of invariants. A similar construction works for E and Sp{V). 

Since Sp{V) < Sp{V) we may restrict E®^” to Sp{V), and it is easy to see that 
the projection ttk : E®^” ^ E®^" is KSp{V)-\meaY. In particular, 

^y 02 n'^Sp(V) 

Lemma 4.3. Let 9 : i3„(—2mo) ^ Bn{—2m) be the K-linear isomorphism which 
is defined on the common basis of these algebras, consisting of Brauer diagrams, as 
identity. Then the following diagram 


H„(-2mo) End^Sp(T)(^®”) 

0 tt’k 

H„(-2m) End^Sp(^)(E®-) 


|'y02n^'S'p(y) 

TTK 5 

^y02n^'S'p(y) 


is commutative, where maps an endomorphism of E®" to its restriction to 
E®" C E®” followed by the projection ttk- 
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Proof. We use the same symbols to denote the standard generators for the two 
Brauer algebras Bn{—2mo),Bn{—2m). By definition, 


^eiea • • • e2/-icrd2) = di ^eies • • • e2f-icrd2, 


for any 0 < / < [n/2], a G 6 { 2 /+i,-,«}, ^ 1,^2 G V^, where v := {{2f),{n- 2/)). 
Note that 0 is a it'-linear map, but does not respect multiplication, since d(eiei) = 
—2TOoei ^ —2mei = 0{ei)9(ei). The same is true for tt^. 

Let I = {m + 1, • • • , Too, ttIq, ■ ■ ■ , (m + 1)'}. We identify endomorphisms of F®” 
(resp., of F®") with their matrices relative to the basis (vf) (resp., the basis (vf)). 
The map just sends a matrix (dij) to its submatrix obtained by deleting those 

rows and columns indexed by elements in I, while ttx sends all simple tensors which 
contain a tensor factor Vi for i G / to zero. Using (4.2), one sees easily that the 
right square diagram is commutative. It remains to show that = ip9. 

We identify with ttk- We have to show that for any 0 < / < [n/2], cr G 
6 | 2 /+i,...,„}, di,d 2 G V^, where v := ((2-1'), (n - 2/)), 


K'Kp{d 


\ ^6163 • • • e 2 f-iad 2 ) = ip 9 [d^ ^6163 • • • e 2 f-i(jd 2 ) 

_j—1„ „ „ . \ 


or equivalently, 

( 4 . 4 ) Tr'i^(^(p{df^)(p{eie3 ■ ■ ■ e2f-i)^{(jd2)^ = (p{df^)(f (0163 ■ ■ ■ e2f-i)(p{ad2) ■ 

Note that for any w G ©„ both (p{w) and (p{w) are given by right place permu¬ 
tation, it is trivial that Tr'j^ip(w) = (p{w). Now 

( mo 

'^{Vk' 0 Ufe - Ufe 0 Vk') 
k=l 

• • • (81 0 Uj-; 0 • • • 0 Vj'. (8 ■■ ■ 

( m 

'^{vk' (8 Ufe - Ufe (8 Vk') 

jtJ fc=l 

• • • <8 (8 Uj' (8 • • • (8 Vj'_ (8 Vji,^^ (8 • • • (8 . 

It is also easy to see that 7r)(-(^(eie3 • • • e2/-i) = ip{eie3 ■ ■ ■ e2/-i). 

Therefore, to prove ( 4 . 4 ), it suffices to show that for any x,y G 

7 rK(^(a^)^(eie 3 • • • e2/-i)^(2/)) = 7 r)^^(a:)71)^^(6163 • • • 62 /-i) 7 r)^^(y). 

But this follows from direct verification (although Tr)^ is in general not an algebra 
homomorphism). This completes the proof of the lemma. □ 

Henceforth we assume that mo > n. By Theorem 3 . 4 , ip is an isomorphism, 
hence (p is surjective if and only if tt)^ ^End^gp^p^ (F®”)^ = Endi^Sp(i/) (F®”), or 
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V5(ei) = 



Vi^i) = 




equivalently, = (v® 2 n^‘S'p('^) rpj^jg means that every KSp{V)- 

endomorphism / of y®” can be extended to an _ftr5'p(y)-endomorphism / of f/®" 
such that 7i‘^(/) = /■ It also means that every S'p(y)-invariant v of y®^" can be 
extended to a S'p(y)-invariant v of y®^" such that 7 ric(u) = v. 

To accomplish this we replace the groups SpiV) and Sp{V) by their Lie algebras 
0 = sp 2 m and 0 = sp 2 mo- Let A := Z[v,v~^], where v is an indeterminate over 
Z, and let Q(u) be its quotient field. Let Uyt respectively be Lusztig’s A- 
form (see [Lu3]) in the quantized enveloping algebra of 0 respectively 0 . For any 
commutative integral domain R and any invertible q G Rwe write U/j := 0^ R, 

where we consider R as an ^-module by the specialization v ^ q. Furthermore, 
taking q = 1 £ 1 and taking quotient by the ideal generated by the Ki — 1 for 
i = 1, • • • ,m, one gets the Kostant’s Z-form (see [Ko], [Lu2, (8.15)] and the proof 
of [Lul, (6.7)(c), (6.7)(d)]) 

Uz ^ (U^ Z)/(i^i - 1,... , - 1) ^ Uz/(iFi - 1, • • • , - 1) 

in the ordinary enveloping algebra of the complex Lie algebra sp 2 m(C), and the 
hyperalgebra 

Uk — Uz (gii K = (U^ Z)l{Ki — 1, • • • , Km — 1) ^zK 
,Km-l) 

of the simply connected simple algebraic group Sp 2 m(K)- Similarly we define Ui^, 
Uz and U^. 

It is well known that (see [Ja]) there is an equivalence of categories between 
{rational 5 'p 2 m( 7 f)-niodules} and (locally finite Uic-modules} such that the trivial 
<S'p 2 m( 7 f)-niodule corresponds to the trivial U^-module, where the trivial U^- 
module is the one dimensional module which affords the counit map of the Hopf 
algebra U^. The 5 'p 2 m( 7 F)-action on tensor space gives rise to a locally finite 
U^-action on tensor space. Therefore 

EndKSp(y)(U®”) =Endu^(y®”) ^ (y®2")U^ = 

This works in the same way for V. Hence ttk is a Uic-linear map which maps the 
invariants (y® 2 n^UK ^p.® 2 n^UK^ 

Our goal is to show that tt/c ^(y®^”)^^^ = ^y® 2 n^UK^ purpose, we 

have to investigate certain nice bases of ^y® 2 n^UK j-gspectively ^y® 2 n^UK^ 

Va (resp., \A) be the free ^-module generated by ui, • • • , Vmo^Vm'g, ■ ■ ■ > I'l' (resp., 
by ui, • • • , Vm, Vm', ■ ■ ■ ,vi'). Recall that there is an action of Uq(^) on Vq(^) := 
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Va Q(w) which is defined on generators as follows. 

{ Vi, ifj = i + l, 

0, otherwise; 

Vi', if j = {i+ 1)', FmoVj := 

0, otherwise; 

{ vvj, a j = i OT j = {i + ly, 

v~^Vj, if j = i + 1 or j = i', 

Vj, otherwise, 

{ v'^Vj, ifj = mo, 

v~‘^Vj, ifj = mo, 

Vj, otherwise, 

where 1 < i < mo, 1 < j < l^ and we replace Vi' in the usual natural representation 
of Uq(^) with (—for each 1 < i < mp. This works in the same way for 
Uq(„) and Va- That is, we replace v^ in the usual natural representation of Uq(„) 
with (—l)”^~'‘vi' for each 1 < i < m. The action of the generators of Uq(„) on 
Vq(„) := Va (8).a Q(^^) is as follows. 

{ Vi, ifj = i + l, 

V(i+iy, iij = i', EmVj := 

0, otherwise; 

{ V'+i, 'Fj = i, 

Vi', if 3 = (i + 1)', FmVj := 

0, otherwise; 

{ vVj, if j = i or j = (i + 1)', 

v~^Vj, if j = i + 1 or j = i', 

Vj , otherwise, 

{ v'^Vj, iij = m, 

V~‘^Vj, ifj = TO', 

Vj , otherwise, 

where 1 < i < to, j € {1, • • • , to} U {to', • • • , 1'}. Our hypothesis that toq — to is 
even ensures that the new basis of Va is still a part of the new basis of Va- By 
[Lu3, (19.3.5)], our new basis {vi,Vi'} (resp., }i<j<^) is a canonical 

basis of (resp., of in the sense of [Lu3]. 

For any field k and any specialization v q G , Vk = Lk(si) = Ak(ei) = 
Vfc(£i); it follows that 14, hence V)?", is a tilting module over Ufc. By [DPS, (4.4)], 
we have that Endu^, (T)?") — Endu^ (Ef") ^Ak, and the dimension of Endjj^ (E}®”) 
is independent of k. The same is true for 14 and Ufc. 
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J Vm', if j = m, 

\ 0, otherwise. 


J Vm, if j = m', 
\ 0, otherwise. 


r Vm'g, if j = mo, 
\ 0, otherwise, 


( Vmo, ifj=Wo, 
} 0, otherwise. 



For each 1 < i < 1 ', t(vi) = (vi,—) G := Homx(V^,^). Then l{vi) is a 
highest weight vector of weight ei. The map vi r(hi) extends naturally to a 
U^-module isomorphism d : 1^4 = = l[J^(.({;i). One checks easily that 

i'ivi) = L'{vi>) = V1 < z < mo¬ 

using the isomorphism z', we get that 


EndojKl") = (End(yr))"" = {vT ® (ED*)”" 




(y^)0n ^ 


Va 


Similarly, Endu_4(y^") — Consequently, for any field k and any spe¬ 
cialization V I—^ q G , 

Similarly, (Vf ^ Endu, (C®") ^ Endu^ (C®") 0^ A: ^ 

that when specializing g to 1, each Ki acts as identity on tensor space y®2ra^ 

follows that 


(y®2n)U. ^ Endu,(yz®") = Endu,(y®") 

^ Endu^(y®") (y® 2 ")"^ Z, 


and 


= Endu. (y^") = Endu, (y®") - Endu^ (y®") K 

= (y®2")^^ (S>aK^ (y02„^UA ^ ^ ^ (E®"”)^" (8)Z K, 


Similar results hold for V, U and U. 

In [Lu3, (27.1.2)], Lusztig introduced the notion of a based module and by [Lu3, 
(27.3)], and the Uq(„)- module M := (Vq(„))®^" is a based module. That is, there 
is a canonical basis B of M, in Lusztig’s notation ([Lu3, (27.3.2)]), each element in 
B is of the form Vi-^ovi-^o ■ ■ ■ , and Vi^o - ■ ■ is equal to ® • • • 0 plus a 

linear combination of elements 0 • • • 0 Uj 2 n with (vj ^, • • • , vy „,) < (hii, • ’ ’ ? ) 

and with coefficients in z;“^Z[z;“^], where ” < ” is a partial order defined in [Lu3, 
(27.3.1)]. In particular, B is an ^-basis of Similarly, we dehne M := 

(y(j(„))®^” as a module over Uq(„), and we have a canonical basis B of M. Each 
element of B is of the form Vi-^ <> Vi^ <> ■ ■ ■ <> . 

Let be the set of all the dominant weights of g. For A G X +, we denote by 
Aq(„)(A) the irreducible l[jQ(„)-module of highest weight A. We dehne 

M[A]:= N. 

NCM 

ArsAQ(„)(A) 
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For each A G X+, let M[> A] := define B[> A] := B n M[> A]. 

By [Lu3, (27.1.8)(b)], B[> A] is a Q(w)-basis of M[> A]. We define M[> A]y^ := 
J2beB[>x]^^- [Lu3, (27.1.2)(b), (27.1.8)], it is easy to see that M[> A]y^ is 

stable under U^. Hence for any specialization v q 0 m some field K, 
M[> X\k '■= is U/f-stable and the set {b \ b £ B[> A]} forms a 

iF-basis of M[> X]k. Let M[y^ 0] := ®\,ioM[X]. By [Lu3, (27.2.5)], 

M[^ 0] = ^ M[> m]. 

^iGX+ —{0} 


In particular, 0] := Ua^o-®!^] forms an Q(u)-basis of M[ 7 ^ 0 ]. We define 
M[^ 0]^ := Then M[j^ 0]^ is stable under U^. Hence for any 

specialization u <; 7 ^ 0 in some field K, M[y^ 0 ]k '■= f® Uif-stable 

and the set {h \ h £ B[^ 0]} forms a iF-basis of M[^ 0]iG. The isomorphism t' 
induces a natural isomorphism which we still denote by i'. It is 

clear that l' maps isomorphically onto 0]^ . In particular. 


t'(a) vanishes on By^ 0] for every a £ Therefore, d maps 


/My 0 ]^^ . By comparing dimensions, we conclude that for each field 


K 


which is an Al-algebra, i' maps isomorphically onto /My 0 ]/^^ . 

As a consequence, t' also maps jgoniorphically onto /My 0]^^ . 

Similarly, one can define X+ (the set of all the dominant weights of g), and for each 
A G Ar+, one can define M[A], M[> A],i3[> A],M[ 7 ^ 0] and By 0]. One has that 

M = 0;)^gx+ -T/'[A], and canonically isomorphic to /My 0]^^ . 

Recall that (see [Lu3, (27.2.1]), 


B= \J B[X], 

AGX+ 


H= g B[X]. 

\GX+ 


By [Lu3, (27.2.5)], the image of H[0] (resp., H[0]) in /My 0]^ (resp., in 
V^'^^/My 0 ]^) forms an A-basis of /My 0 ]^ (resp., of V^'^^/My 0 ]^). 
Let 

Jo := {(ii,--- ,i 2 n) £ I{2m,2n) \ Vi^ o-'-ovi^^ £ H[0]}, 

Jo := {(ii,--- ,Z2n) G /(2TOo,2n) | ^ i?[0]}. 

Corollary 4.5. With the above notations, the set 


{wq ® ® + M[> 0]^ I (ii, • • • , i 2 n) G Jo} 

forms an A-basis o/y^^"/M[> 0]^. 


23 



Proof. This is clear, by the fact that the image of i?[0] in 0]y^ is an A- 

basis and each Vi.^o- ■ - o is equal to 0 • • • 0 plus a linear combination of 
elements 0 • • • 0 Vj.^^ with {vj.^ ,■■■ , Uj 2 „) < ("Cq, • • • , Ui 2 „) and with coefficients 
in v~'^1[v~^]. □ 

Similarly, the set 

(4.6) {wq 0 • • • 0 + M[> 0]^ I (ii, • • • , hn) G Jo} 

forms an Abasis of IM[> 0]^. 

Theorem 4.7. With the above notations, Jq'^ Jo- 

Proof. For each 1 < i < mo, let e^, fi (resp., e*, fi) be the Kashiwara operators of 
Uq(„) (resp., of Uq(„)). The Uq(„) (sp 2 mo)"Crystal structure on Vq(„) is given below: 




mo 


|mo —1 

2 1 


mo 


mo 


Z 



where 



fiVj = Vk (mod V ^M) 


Vj = eiVk (mod v ^M) 


Similarly, the -crystal structure on is as below: 




m—1 


m 


m — 1 

' 

m 


m 

' 



Comparing with the two crystal graphs, it is easy to see that for each 1 < t < m 
and each j G {1, • • • , m} U {m', • • • , 1'}, 


max^A: > 0 

e^Vj ^m| 

= max^A: > 0 

max|fc > 0 


= max^A: > 0 


ftv,^v-^M]. 


Moreover, for each m -I- 1 < t < mo and each j G {1, • • • , m} U {m', • • • , 1'}, 


CiVj G V ^M, fiVj G V ^M. 


Let B' (resp., B') be the canonical basis of M®” (resp., of M®”) constructed 
from the canonical basis of V (resp., of V), see [Lu3, (27.3.1)]. For each A G X+ 
(resp., A G X+), let B'[Xy°, B'[X]^^ (resp., iT[A]'°, iT[A]'‘*) be as defined in [Lu3, 
(27.2.3)]. 

Now [Lu3, (17.2.4)] gave the rules for the action of the Kashiwara operators 
ei, fi, ej, fj on tensor products. As a consequence, our previous discussion shows 
that for any 1 < ti, • • • , in < 2m, 

Vii o---ovi„ G B'[X]^^ ViA---ovi„ G B'[X]^\ 

Vi^o ■ ■ ■ ovi^ G i?'[A]*° G i?'[A]*°. 
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Now applying [Lu3, (27.3.8)], which said that 


i3[0] = Ua6X+ ^bob' 


bG B'[-woiX')f°,b' e 
bG B'[-woiX’)]‘°,b' G 


our theorem follows immediately. □ 


Proof of Theorem 1.4: We regard Z as an Al-algebra by specializing r to 1 G Z, 
and regard K as a Z-algebra as usual. Then it is easy to see that r' Ik coincides 
with the canonical S'p 2 m-niodule isomorphism V V*, v t(v) := (v, —) for any 
V € V. Let Vz '■=V_A 0]z := My 0]^ Z. We have similar notations 

Vz, My Ojz. We claim that the natural projection map ^ ^y(g) 2 n^UK 

is surjective. 

In fact, we have the following commutative diagram 



where the rightmost vertical homomorphism is induced from the canonical homo¬ 
morphism jz ■ /My ojz ^ /My ojz. Note that jz is well-defined as 

My Ojz C My Ojz (which follows from the fact that for each A G with A 7 ^ 0, 
McjAj should be contained in Mcy Oj). 

By (4.6) and Theorem 4.7, the image of 


I Ui, 


-\- M[> Q\k (*!)•■■ ) *2n) € Jo I 


under jk '■= is always linear independent, which shows that Jk is injective. 

Hence := (^z lx is surjective. It follows that 


as required. Now using Lemma 4.3 and Theorem 3.4, we complete the proof of 
Theorem 1.4 when K is algebraically closed. 

Now suppose that K is an arbitrary infinite field. Let K denote the algebraic 
closure of K. Note that the image of (p is generated (as an algebra) by 

{V3(ei),--- ,(p{en-i),p{si), - ■ ■ ,(,?(s„-i)}, 


and the canonical homomorphism 


EndKSp(y,) (Vf”) ^kK = Endu, (VD K 

- Endu^(fo|") = End^^^(^^)(y®") 
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is an isomorphism, where k = Uz 02 K, Uk; = Uz ®k K- It follows 
that the dimension of im(i^) is constant under field extensions K C K. The proof 
is completed. □ 

Remark J^.S. The argument above in the proof of Theorem 1.4 actually shows that 


or equivalently, 7rz(^Endu^(V"2®")) = 
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